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1. INTRODUCTION

The low-lying excited states of a magnetic solid are generally
described in terms of a spin Hamiltonian defined with a set of spin-
exchange parameters J.1 The latter are numerical fitting parameters
needed to reproduce its magnetic data such as magnetic suscept-
ibility, magnetization, specific heat, and spin wave dispersion
relation. These “experimental” J values depend on the set of spin-
exchange paths (i.e., the spin�lattice) used to define the spin
Hamiltonian. If one selects the spin�lattice bymerely inspecting the
geometrical pattern of the magnetic ion arrangement or by seeking
the novelty of the physics the chosen model might generate,
interpretations irrelevant for a given magnetic solid often result, as
found for (VO)2P2O7,

2,3 Na3Cu2SbO6 and Na2Cu2TeO6,
4�8

Bi4Cu3V2O14,
9�12 azurite Cu3(CO3)2(OH)2,

13�15 and Cu3-
(P2O6OH)2.

16�18 For magnetic oxides of transition-metal ions
Mn+, spin-exchange interactions are determined primarily by the
magnetic orbitals of its magnetic ions, which are highly aniso-
tropic in shape so that the interaction between the magnetic
orbitals of two neighboring magnetic ions is not necessarily
stronger when the distance between the ions is shorter.1 There-
fore, it is important to determine the spin�lattice of a magnetic
solid on the basis of appropriate electronic structure calculations.

The 4d oxide Li3RuO4 consists of isolated zigzag RuO4 chains
that are made up of edge-sharing RuO6 octahedra with Ru

5+ (d3)
ions.19 These chains, running along the a-axis direction, are
interconnected by Li+ ions located at the octahedral sites
between the zigzag RuO4 chains. The magnetic properties of
Li3RuO4 were examined by Alexander et al.19 and by Soma and
Sato.20 The magnetic susceptibility data of Alexander et al.
showed a local maximum at T1 ≈ 50 K and divergence of the

field-cooled (FC) and zero-field-cooled (ZFC) susceptibilities
below T2 ≈ 20 K. The susceptibility peak at T1 is not a broad
maximum expected for the short-range order in low-dimensional
magnetic systems but has a sharp bend below T1. Nevertheless,
their neutron diffraction study at 5 K did not detect any
additional magnetic Bragg peaks, thereby suggesting that the
anomaly at T1 is caused by a short-range order. Re-examination
of the magnetic properties of Li3RuO4 by Soma and Sato20 found
that T1 = 66 K, T2 = 32 K, and the magnetic susceptibility above
100 K follows a Curie�Weiss behavior with Curie�Weiss
temperature θ = �231 K. In their specific heat measurements
for Li3RuO4,

20 Soma and Sato detected a clear anomaly at T1 and
hence concluded that T1 is due to a three-dimensional (3D)
antiferromagnetic (AFM), namely, T1 is the N�eel temperature.
Thus, they suggested20 that the Ru5+ ions of the one-dimensional
(1D) zigzag RuO4 chains have substantial interchain spin-
exchange interactions, and some spin frustration21,22 exists in
Li3RuO4 becauseT1 is small comparedwith |θ| (i.e., |θ|/T1 = 3.5).
The origin of the magnetic behavior below T2 is not clear.20

Thus, a Heisenberg 1D AFM chain model does not seem
appropriate for Li3RuO4 although, geometrically, it consists of
zigzag chains of Ru5+ ions.

In the spin-exchange interactions of many transition metal
oxides, the M�O 3 3 3O�M spin exchanges are often stronger
than theM�O�Mspin exchanges.1 Furthermore, a recent study
of Na3RuO4,

23 which consists of Ru4O16 clusters made up of
edge-sharing RuO6 octahedra with Ru5+ (d3) ions, showed that
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susceptibility divergence below T2 is attributed to a slight spin canting out of the
ab plane.
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the intercluster spin exchanges through the Ru�O 3 3 3O�Ru
paths are much stronger than the intracluster spin exchanges
through the Ru�O�Ru paths. Thus, it is expected that the
interchain Ru�O 3 3 3O�Ru spin-exchange interactions play an
important role in determining the magnetic structure of Li3RuO4.
In the present work we explore what kind of magnetic ordering is
responsible for the T1 transition of Li3RuO4 and how such a
magnetic ordering can be compatible with the neutron diffraction
study of Alexander et al.19 as well as that of the recent neutron
diffraction/scattering study of Manuel et al.24 Thus, we evaluate
the spin-exchange interactions of Li3RuO4 by performing en-
ergy-mapping analysis based on density functional calculations
and discuss the aforementioned questions in terms of the spin-
exchange parameters extracted in the present study.

2. EVALUATION OF SPIN-EXCHANGE PARAMETERS

For the spin-exchange paths of Li3RuO4, we consider three
intrachain (J1, J2, and J3) and five interchain (Jb and J0b along the b
direction as well as Jc, J0c, and J00c along the c direction) paths
defined in Figure 1. The geometrical parameters associated with
these spin-exchange paths, taken from the room-temperature
crystal structure of Li3RuO4,

19 are summarized in Table 1. For
our density functional calculations, we employed the crystal
structure of Li3RuO4 determined at 70 K.24 As compared in
Table 1, the room-temperature and 70 K crystal structures give

quite similar structural parameters for the eight spin-exchange
paths. The spin-exchange parameters for these paths were
evaluated by performing energy-mapping analysis based on
density functional calculations.1 We first determine the relative
energies of the nine ordered spin states of Li3RuO4, namely, the
ferromagnetic (FM) state plus the eight states AF1�AF8 defined
in terms of a (3a, 2b, 2c) supercell (Figure 2) containing 24
formula units (FUs). In our density functional calculations, we
employed the projector-augmented wave (PAW) method en-
coded in the Vienna ab initio simulation package (VASP)25�27

and the generalized-gradient approximation (GGA) of Perdew,
Burke, and Ernzerhof28 for the exchange-correlation functional
with the plane-wave cutoff energy of 485 eV, a set of 3� 4� 4 k
points for the irreducible Brillouin zone, and a self-consistent-field
energy convergence threshold of 10�6 eV. The 4d and 5d orbitals
aremore diffuse than the 3d orbitals, so that electron localization is
less likely for 4d and 5d than for 3d metal elements. Nevertheless,
the oxides of Ru and Os in high oxidation state are magnetic
insulators because their 4d and 5d orbitals are contracted.29,30 To
probe the possible effect of electron correlation associated with the
4d states of the Ru5+ ions in Li3RuO4, the GGA plus on-site
repulsion U (GGA+U)31 calculations were also carried out with
U = 1 and 3 eV. Figure 3 shows plots of the density of states
obtained for the FM state of Li3RuO4 from GGA+U calculations.
As expected, the band gap increases on increasing the value of U.

The relative energies of the eight spin-ordered states
AF1�AF8 with respect to the FM state are given in Table 2.
The total spin-exchange energies of the nine ordered spin states
can be written in terms of the spin Hamiltonian

Ĥ ¼ � ∑
i < j

JijŜi 3 Ŝj ð1Þ

in which Jij (=J1, J2, J3, Jb, J0b, Jc, J0c, and J00c) is the exchange
parameter for the interaction between spin sites i and j in Li3RuO4.
By applying the energy expressions obtained for spin dimers with
N unpaired spins per spin site (in the present case,N = 3),32,33 the
total spin-exchange energies (per 24 FUs) of the nine ordered spin
states are written as summarized in Table 2. Then, bymapping the
relative energies of the nine spin-ordered states determined from
the GGA+U calculations onto the corresponding energies ex-
pected from the total spin-exchange energies, we obtain the values
of the eight spin-exchange parameters summarized in Table 3.

3. SPIN�LATTICE OF LI3RUO4

It is known that the values of spin-exchange parameters are
overestimated by GGA+U calculations by a factor of up to four
and decrease with increasingU value.7,12,34 Given the three sets of

Table 1. Geometrical Parameters Associated with the Eight Spin-Exchange Paths of Li3RuO4 Taken from the Room-Temperature
Structure of Alexander et al. (ref 19) and the 70 K Structure of Manuel et al. (ref 24)

Ru 3 3 3Ru geometry

J1 2.990 [2.989] Ru�O = 1.975 [1.970] Å, 1.998 [2.004] Å, —Ru�O�Ru = 97.6� [97.6�]
J2 5.106 [5.099] O 3 3 3O = 2.799 [2.828] Å, —Ru�O 3 3 3O = 97.0 [96.6]

J3 7.815 [7.806] O 3 3 3O = 5.106 [5.099] Å, —Ru�O 3 3 3O = 116.7� [117.0�], 146.8� [146.3�]
Jb 4.999 [4.988] O 3 3 3O = 3.045 [3.022] Å, —Ru�O 3 3 3O = 92.1� [92.5�]
J0b 5.854 [5.847] O 3 3 3O = 3.104 [3.101] Å, —Ru�O 3 3 3O = 135.2� [134.2�], 133.4� [134.3�]
Jc 5.106 [5.099] O 3 3 3O = 3.076 [3.040] Å, —Ru�O 3 3 3O = 92.6�
J0c 5.107 [5.102] O 3 3 3O = 3.076 Å, —Ru�O 3 3 3O = 92.6� [93.1�], 133.7� [134.1�]
J00c 5.854 [5.847] O 3 3 3O = 3.076 [3.040] Å, 3.067 [3.089] Å, —Ru�O 3 3 3O = 133.7� [134.1�], 136.2� [135.9�]

Figure 1. Definition of the eight spin-exchange paths considered for
Li3RuO4 using a 3� 2� 2 supercell. For simplicity, only the Ru5+ ions
are shown.
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spin-exchange parameters obtained from the GGA+U calculations
with U = 0, 1, and 3 eV, one needs to find which set is most
appropriate for Li3RuO4. For this purpose, we calculate the
Curie�Weiss temperature θ using the mean field approximation,35

namely

θ ¼ SðS þ 1Þ
3kB

∑
i
ziJi ð2Þ

where the summation runs over all nearest neighbors of a given
spin site, zi is the number of nearest neighbors connected by the

spin-exchange parameter Ji, and S is the spin quantum number
of each spin site (i.e., S = 3/2 for Ru5+). Thus, for Li3RuO4, θ is
written as

θ≈5ðJ1 þ J2 þ J3 þ Jb þ J0b þ Jc þ J0c þ J00c Þ=2kB ð3Þ
and hence we obtain θ = �641, �439, and �218 K by using the
spin-exchange parameters obtained from the GGA+U calculations
with U = 0, 1, and 3 eV, respectively. Given that θ = �231 K
experimentally, the spin exchanges obtained from the use ofU=3 eV
are most appropriate for Li3RuO4 and hence will be used in our
subsequent discussion.

Among the eight spin exchanges, the three strongest ones are
J1, J2, and Jb with their strengths decreasing in the order J1 > Jb >
J2. As depicted in Figure 4, the J1 and Jb exchanges form a 2D
AFM quadrangular lattice parallel to the ab plane while the J2
exchange leads to spin frustration in each quadrangle. Such spin-
frustrated 2D AFM quadrangular lattices are antiferromagneti-
cally coupled along the c direction by the weak AFM exchange Jc
to form a 3D AFM lattice. This is in support of the suggestion
that T1 is the 3D AFM ordering temperature of Li3RuO4.

4. DISCUSSION

According to the above explanation for the T1 transition, the
c-axis length should be doubled in the 3D ordered structure
below T1. However, in the powder neutron diffraction measure-
ments of Alexander et al.,19 the c-axis doubling was not detected.
This is also the case in the recent neutron diffraction study of
Manuel et al.,24 although they observed magnetic Bragg peaks
associated with a 3D AFM magnetic ordering. To account for
why the c-axis doubling predicted from our calculations is not
found in the neutron diffraction studies, we examine how

Figure 2. Spin arrangements of the ordered spin states AF1�AF8 of Li3RuO4, where the filled and empty circles represent the down-spin and up-spin
Ru5+ sites, respectively. The FM state in which all Ru5+ sites have an identical spin is not shown.

Figure 3. Density of states calculated for the FM state of Li3RuO4 by
GGA+U calculations with U = 0, 1, and 3 eV. The total density of
states is shown by gray curves and the projected density of states for the
Ru 4d orbitals by black curves. The Fermi level is indicated by the
vertical line.
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substitutional defects of Li3RuO4, namely, Ru atoms residing in
the Li sites,20 might affect the magnetic ordering along the c
direction. In the neutron diffraction studies of Alexander et al.19

and Manuel et al.,24 the possible occurrence of substitutional
defects in their Li3RuO4 samples was not investigated. As shown
in Table 3, the Ru�O 3 3 3Li 3 3 3O�Ru spin exchange Jc is weakly
antiferromagnetic. However, if the Li site of this exchange path is
occupied by a Ru atom, the resulting exchange path Ru�O 3 3 3
Ru 3 3 3O�Ru leads to a FM coupling between the two chains
along the c direction provided that the Ru�O 3 3 3Ru spin exchange
is AFM. The latter is most likely the case given the fact that the
Ru�O�Ru superexchange J1 is AFM. Then, the sense of the
interchain AFM coupling along the c direction is randomly reversed
by defect Ru atoms residing at the Li sites. In such a case, powder
neutron diffraction measurements cannot detect the c-axis doubling.

In principle, either spin frustration or spin canting can be a
cause for the divergence of the FC and ZFC susceptibilities below
T2. In the present case, spin frustration cannot cause the
divergence below T2, because Li3RuO4 undergoes a 3D AFM
ordering below T1. The recent neutron diffraction study24 of
Li3RuO4 shows no canting of the ordered moments, so spin
canting does not appear to be responsible for the susceptibility
divergence below T2. However, we note that the expected c-axis
doubling was not detected in this neutron diffraction study,
which is due probably due to defect Ru atoms residing at the Li
sites as suggested above. If the spin canting is out of the ab plane,
such defects can also randomly reverse the direction of the spin
canting so that powder neutron diffraction measurements cannot
detect the spin canting.

It is of interest to examine what kinds of spin-exchange
parameters might result when the 3D spin�lattice of Li3RuO4

is approximated by a 2D lattice or a 1D chain model. Thus, we
extract the J1, J2, J3, and Jb values using a 2D lattice model and J1,
J2, and J3 values for a 1D chain model. In extracting these spin-
exchange parameters, we employ all the nine spin-ordered states
used for extracting the eight spin exchanges for the 3D
spin�lattice. Since we have more states than needed for one-
to-one mapping, we carry out least-squares fitting analyses.
(In extracting the three spin exchanges of the 1D chain model,
the AF3 state was excluded because it becomes identical to the FM
state in this model.) The spin-exchange parameters deduced for the
2D lattice and 1D chain models by least-squares fitting analyses are
summarized in Table 4a and 4b, respectively. Table 4c compares the
spin-exchange parameters obtained for the 3D, 2D, and 1D
models from the GGA+U calculations with U = 3 eV. As expected,
the 2D model provides the spin exchanges close to those deduced
for the 3D model, except that J3 becomes weakly FM. The 1D
model provides a striking change in the intrachain exchange J3,
which becomes strongly AFM, that is, J3 becomes almost compar-
able in magnitude to J2. It appears that the deficiency of the 1D
model is compensated by making J3 strongly AFM. This suggestion

Table 2. Total Spin-Exchange Energies (in terms of the eight spin-exchange parameters) and Relative Energies (determined from
the GGA+U calculations) for the Nine Ordered Spin States of Li3RuO4

a

total spin-exchange energy relative energy (in eV)

FM �(24J1 + 24J2 + 24J3 + 24Jb + 24J0b + 24Jc + 24J0c + 24J00c)(N
2/4) (0.00, 0.00, 0.00)

AF1 �(�24J1 + 24J2 � 24J3 � 24Jb + 24J0b � 24Jc + 24J0c � 24J00c)(N
2/4) (�1.98, �1.32, �0.61)

AF2 �(�24J1 + 24J2 � 24J3 � 24Jb + 24J0b + 24Jc � 24J0c + 24J00c)(N
2/4) (�1.93, �1.28, �0.58)

AF3 �(24J1 + 24J2 + 24J3 � 24Jb � 24J0b + 24Jc + 24J0c + 24J00c)(N
2/4) (�0.60, �0.44, �0.27)

AF4 �(8J1 � 8J2 � 24J3 + 8Jb + 24J0b + 24Jc + 8J0c � 8J00c)(N
2/4) (�0.89, �0.62, �0.32)

AF5 �(8J1 � 8J2 � 16J3 � 8Jb � 16J0b � 24Jc � 8J0c + 8J00c) (�1.19, �0.84, �0.45)

AF6 �(�8J1 � 8J2 + 8J3 + 8Jb � 24J0b + 24Jc � 8J0c � 8J00c)(N2/4) (�1.43, �0.96, �0.46)

AF7 �(�4J1 + 4J2 � 16J3 + 4Jb � 8J0b � 8Jc)(N
2/4) (�1.32, �0.89, �0.43)

AF8 �(�8J1 � 8J2 + 8J3 + 8Jb � 24J0b + 8Jc � 8J00c)(N
2/4) (�1.45, �0.98, �0.47)

aThe three values (from left to right) of the relative energy for each state are obtained from theGGA+U calculations withU = 0, 1, and 3 eV, respectively.
All expressions and relative energies are per 3 � 2 � 2 supercell (i.e., per 24 FUs).

Table 3. Values of the Eight Spin-Exchange Parameters
(in meV) of Li3RuO4 Obtained from the Mapping
Analysis Based on the GGA+U Calculations

U = 0 eV U = 1 eV U = 3 eV

J1 �13.04 �8.16 �3.13

J2 �2.66 �2.12 �1.37

J3 �1.05 �0.62 �0.30

Jb �4.12 �3.16 �1.96

J0b �1.42 �0.92 �0.53

Jc �0.35 �0.34 �0.23

J0c +0.31 +0.12 +0.03

J00c +0.23 +0.07 �0.03

Figure 4. Two-dinensional quadrangular AFM lattice of Li3RuO4

parallel to the ab plane, which is defined by the intrachain exchange J1
and the interchain exchange Jb. The labels 1, 2, and b represent the spin
exchanges J1, J2, and Jb, respectively. The intrachain spin exchange J2
leads to spin frustration in the (J1, J1, J2) and (Jb, Jb, J2) triangles. Such 2D
lattices are expected to be antiferromagnetically coupled by Jc along the c
direction in the 3D AFM structure of Li3RuO4 below T1 = 66 K.
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is in agreement with the results of the recent neutron scattering
study of Li3RuO4 by Manuel et al.24 Their analysis of the spin wave
dispersion relations by using a 1D Heisenberg chain model shows
the spin-exchange parameters J1, J2, and J3 to be�3.3(1),�1.4(1),
and �1.2(1) meV, respectively. These values are very similar to
those obtained in our calculations using a 1D chain model
(�4.49, �1.59, and �0.98 meV, respectively).

5. CONCLUDING REMARKS

The spin-exchange parameters of Li3RuO4 extracted from our
density functional calculations show that T1 is associated with the 3D
AFMordering, in which the 2D AFM lattices parallel to the ab plane,
formed by the intrachain exchange J1 and the interchain exchange Jb,
are coupled antiferromagnetically by Jc along the c direction. It ismost
likely that the substitutional defects, Ru atoms present at the Li sites,
are responsible for the absence of the predicted c-axis doubling in the
powder neutron diffraction studies, because they can randomly
reverse the senseof the interchainAFMcoupling along the cdirection.
The divergence between the FC and the ZFC susceptibilities below
T2 can be explained if spin canting out of the ab plane takes place
below. The absence of spin canting in the powder neutron diffraction
study24 would be a consequence of the substitutional Ru defects
because they will randomly reverse the directions of the spin canting.
In resolving the discrepancy between the experimental and the
theoretical magnetic structures of Li3RuO4, it is desirable to have
samples of Li3RuO4 free of substitutional defects and verify the role of
the substitutional defects suggested in the present work.
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J2 �1.37 �2.16 �1.59

J3 �0.30 +0.17 �0.98

Jb �1.96 �2.51 0.00
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